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Abstract
The existence criterion has been extensively studied for diﬀerent classes in fractional
diﬀerential equations (FDEs) through diﬀerent mathematical methods. The class of
fractional order boundary value problems (FOBVPs) with p-Laplacian operator is one
of the most popular class of the FDEs which have been recently considered by many
scientists as regards the existence and uniqueness. In this scientiﬁc work our focus is
on the existence and uniqueness of the FOBVP with p-Laplacian operator of the form:
Dγ (φp(Dθ z(t))) + a(t)f (z(t)) = 0, 3 < θ , γ ≤ 4, t ∈ [0, 1], z(0) = z′′′(0), ηDαz(t)|t=1 = z′(0),
ξ z′′(1) – z′′(0) = 0, 0 < α < 1, φp(Dθ z(t))|t=0 = 0 = (φp(Dθ z(t)))′|t=0, (φp(Dθ z(t)))′′|t=1 =
1
2 (φp(D
θ z(t)))′′|t=0, (φp(Dθ z(t)))′′′|t=0 = 0, where 0 < ξ ,η < 1 and Dθ , Dγ , Dα are Caputo’s
fractional derivatives of orders θ , γ , α, respectively. For this purpose, we apply
Schauder’s ﬁxed point theorem and the results are checked by illustrative examples.
Keywords: FOBVP with p-Laplacian operator; ﬁxed point theorems; existence and
uniqueness
1 Introduction
Fractional calculus has widely been studied by scientists from the era of Leibniz to the
present and has drawn the attention of mathematicians, engineers, and physicists in many
scientiﬁc disciplines based onmathematical modeling, and it was found that the fractional
ordermodels aremore precise in comparisonwith integer ordermodels and, therefore, we
can seemany useful fractional ordermodels in ﬂuid ﬂow, viscoelasticity, signal processing,
and many other ﬁelds. For instance, see [–].
In fractional calculus, the existence of a positive solution for FOBVP with p-Laplacian
operator has extensively attracted the attention of the scientiﬁc community. This side of
the fractional calculus has a wide range of applications in day life problems and these were
investigated for the existence of solutions by diﬀerent mathematical tools. For instance, Lv
[], has studied existence results for m-point FOBVP with p-Laplacian operator with the
help of amonotone iterative technique and produced interesting results whichwere exam-
ined by two examples. Prasad and Krushna [] studied FOBVPs with p-Laplacian operator
with the help of the Krasnosel’skii and ﬁve functional ﬁxed point theorems and checked
their results by examples. Yuan and Yang [] studied the existence of a positive solution
for a q-FOBVP with a p-Laplacian operator using the upper and lower solution method
through Schauder’s ﬁxed point theorem and the results were examined by examples.
© 2015 Jafari et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
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Some of the interesting results in the existence of positive solution for FOBVP with
p-Laplacian operator which raised our attention toward this project are, for instance, that







τ , z, z′
)
, τ ∈ [,T],
z(T) = z(), z′(T) = z′(),
()
with the help of degree theory, and they also used the upper and lower solution method
for this work. Xu and Xu in [] investigated the p-Laplacian equation for sign changing







τ , z, z′
)
, τ ∈ (, ),
z() =  = z(),
()
using the method of upper and lower solution method with the help of Leray-Schauder







τ , z, z′
)
= ,  < τ <∞,
z() = , lim
τ→+∞ z = .
()











= ,  < θ ,γ ≤ , t ∈ [, ],

























where Dθ , Dγ , and Dα are Caputo’s fractional derivatives of fractional order θ , γ , α where
θ ,γ ∈ (, ], and α ∈ (, ). φp(s) = |s|p–s, p > , φ–p = φq, p + q = . We recall some basic
deﬁnitions and results. For α > , choose n = [α]+ in the case α is not an integer and n = α
in the case α is an integer. We recall the following deﬁnitions of a fractional order integral
and a fractional order derivative in Caputo’s sense, and some basic results of fractional
calculus [, ].
Deﬁnition  [] For a function k : (,∞)→ R and γ > , fractional integral of order γ is
deﬁned by




(τ – s)γ–k(s)ds, ()
with the condition that the integral converges.
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	(n – γ )
∫ t
a
(t – x)n–γ–f (n)(x)dx, ()
where n is such that n –  < γ < n.
Lemma  [] For μ,β > , the following relation holds: Dμtν = 	(ν+)
	(ν+–μ) tν–μ–, ν > n and
Dμtl = , for l = , , , . . . ,n – .
Lemma  ForH(t) ∈ C(, ), the solution of the homogeneous FDE Dω+H(t) =  is
H(t) = k + kt + kt + · · · + kntn–, ki ∈ R, i = , , , . . . ,n. ()
Deﬁnition  [] A cone P is solid in a real Banach space X if its interior is non-empty.
Deﬁnition  [] Let P be a solid cone in a real Banach space X, T : P → P be an oper-
ator and  < α < . Then T is called θ -concave operator if T(ku)≥ kαT(u) for any  < k < 
and u ∈ P.
Lemma  [] Assume that P is a normal solid cone in a real Banach space X,  < α < ,
and T : P → P is a α-concave increasing operator. Then T has only one ﬁxed point in P.
2 Main results
Lemma  For z(t) ∈ C[, ], the FOBVP
Dθz(t) = h(t),  < θ ≤ , ()
z() = z′′′(), ηDαz() = z′(), ξz′′() – z′′() = ,  < α < , ()



































	(θ–) ,  < t ≤ s < .
()
Proof Applying the operator Iα on the diﬀerential equation in () and using Lemma , we
obtain
z(t) = Iθh(t) + c + ct + ct + ct. ()
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Using boundary conditions () for the values of c, c, c, c, z() =  = z′′′() yield to c =
 = c, and by ξz′′() – z′′() = , we have c = ξ(–ξ ) Iθ–h(). Using ηDαz() = z′(), we
obtain c = η– η
	(–α)
[Iθ–αh() + ξ(–ξ )	(–α) Iθ–h()]. Substituting the values of c, c, c, c, in
(), we get
z(t) = Iθh(t) + tη – η
	(–α)
[





( – ξ ) I
θ–h(). ()








































= ,  < θ ,γ ≤ , t ∈ [, ],











































	(γ–) ( – x)γ–,  < x≤ t < ,
t
	(γ–) ( – x)γ–,  < t ≤ x < ,
()
and G(t, s) is given by ().










+ c + ct + ct + ct. ()
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The boundary conditions φp(Dθz()) = (φp(Dθz()))′ = (φp(Dαz()))′′′ =  lead to c = c =














 ( – x)γ– ×



































z() = z′′′(), ηDαz() = y′(), ξz′′() – z′′() = ,  < α < ,
()










Lemma  Let  < γ ≤ . The Green’s functionH(t,x) is a continuous function and satis-
ﬁes
(A) H(t,x)≥ ,H(t,x)≤H(,x), for t,x ∈ (, ],
(B) H(t,x)≥ tγ–H(,x) for t,x ∈ (, ].
The continuity ofH(t,x) is ensured by its deﬁnition. For (A), considering the case when
 < x≤ t ≤ , we have




	(γ – ) ( – x)
γ–
= –
tγ–( – xt )γ–
	(γ ) +
t










	(γ )	(γ – )
[
	(γ ) – 	(γ – )
]
> . ()










	(γ–) ( – x)γ–,  < x≤ t ≤ ,
t
	(γ–) ( – x)γ–,  < t ≤ x≤ .
()
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	(γ – ) +
t
	(γ – ) ( – x)
γ–
= –
tγ–( – xt )γ–
	(γ – ) +
t




	(γ – ) +
tγ–




	(γ – )	(γ – )
[
	(γ – ) – 	(γ – )
] ≥ , ()
from (), we have ∂
∂tH(t,x) ≥ . In the case  < t ≤ x ≤ , () implies that the relation
∂
∂tH(t,x)≥  is obvious, which implies thatH(t,x) is an increasing function w.r.t. t. Hence
H(t,x)≤H(,x).





































	(γ–) ( – x)γ–
]
= tγ–. ()
We can also prove the result for the case of  < t ≤ x≤ , this completes the proof.
Assume that the following hold:
(J)  <
∫ 
 H(,x)a(x)dx < +∞.








(J) f (z) is non-decreasing with respect to z.
(J) There exists ≤ β <  such that f (Kz)≥ (φp(K))β f (z), for any ≤ k <  and  < z < +∞.
2.1 Existence and uniqueness of solutions
Theorem  Under the assumptions (J) and (J), the FOBVP () has at least one positive
solution.
Proof Deﬁne K = {z ∈ C[, ] :  ≤ z(t) ≤ ρ on [, ]} a closed convex set []. Deﬁne an
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By Lemma , z(t) is a solution of the FOBVP with p-Laplacian operator () if and only if

















 ( – s)θ– ds




( – ξ )
∫ 
 ( – s)θ– ds
	(θ – )
= (t – s)
θ |t




[ ( – s)θ–α|
	(θ – α + )
















	(θ – α + )















	(θ – α + )




+ ξ( – ξ )

	(θ – )
=  , ()














	(θ–) . For any y ∈ K, using































ρ ≤ ρ, ()
which implies T (K) ⊆ K. By Schauder’s ﬁxed point theorem T has a ﬁxed point in K.

Theorem  Under the assumptions (J), (J) the FOBVP with p-Laplacian operator ()
has at least one positive solution.
Proof Let b >  as given in (J). Deﬁne F∗ = max≤x≤b f (x), then F∗ ≥ f (x) for  ≤ x ≤ b.
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Deﬁne K = {z(t) ∈ C[, ] :  ≤ z(t) ≤ b∗ on [, ]},  = {t ∈ [, ] :  ≤ z(t)≤ b},  =
{t ∈ [, ] : b < z(t)≤ b∗}. Then  ∪  = [, ] and  ∩  = ϕ. For z ∈ K, (J) implies
f (z(t))≤Mφp(z(t))≤Mφp(b∗) for t ∈  and








































From () and using the inequality (a + b)r ≤ r(ar + br) for any a,b, r > , with () we
have











thus T (K) ⊆ K. Hence by Schauder’s ﬁxed point theorem T has a ﬁxed point z ∈ K,
therefore, the FOBVP with p-Laplacian operator () has at least one positive solution
in K. 
Theorem  Assume that (J), (J), (J) hold. Then the FOBVP with p-Laplacian operator
() has a unique positive solution.
Proof Consider the set  = {z(t) ∈ C[, ] : z(t) ≥  on [, ]}, where  is a normal solid
cone inC[, ] with = {z(t) ∈ C[, ] : z(t) >  on [, ]}. Let T : → C[, ] be deﬁned
by (), we prove that T is a θ -concave and increasing operator. For z, z ∈  with z ≥ z
the assumption (J) implies that the operator T is an increasing operator, i.e., T (z(t)) ≥































= kαT (z(t)), ()
which implies that T is α-concave operator and with the help of Lemma , the opera-
tor T has a unique ﬁxed point which is the unique positive solution of the FOBVP with
p-Laplacian operator () in . 
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3 Examples







+ tz(t) = ,
z() =  = z′′′(), D
.z(t)|t= – z′() = , z


























Here we have α = β = ., α = ., ξ = γ =  , a(t) = t, f (z(t)) = z(t). By simple computation,
we obtain  < L≤ ., choose L = ., δ = , p = , and then the conditions (J) and (J)
are satisﬁed. Hence, by Theorem , the FOBVPwith p-Laplacian operator () has at least
one positive solution.




































we have α = β = ., ξ = η = ., a(t) = t, f (u(t)) = √u(t) and by simple computation we get
M < . and thus by choosing M = ., b = , and p = q = , we see that () satisfy
(J) and (J). Hence by Theorem , the FOBVPwith p-Laplacian operator () has at least
one positive solution.








+ tz(t) = ,
z() =  = z′′′(), D
.z(t)|t= – z′() = , z


























We apply Theorem . In (), we have θ = γ = ., α = ., ξ = γ =  , a(t) = t, f (z(t)) = z(t)
it is clear that () satisﬁes conditions (J), (J). Also considering β =  , (J) is satisﬁed.
Thus by Theorem , the fractional diﬀerential equation () has a unique solution.
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